In this paper, we consider Girsanov transforms of pure jump type for discontinuous Markov processes. We show that, under some quite natural conditions, the Green functions of the Girsanov transformed process are comparable to those of the original process. As an application of the general results, the drift transform of symmetric stable processes is studied in detail. In particular, we show that the relativistic a-stable process in a bounded C 1;1 -smooth open set D can be obtained from symmetric a-stable process in D through a combination of a pure jump Girsanov transform and a Feynman-Kac transform. From this, we deduce that the Green functions for these two processes in D are comparable. r 2003 Elsevier Science (USA). All rights reserved.
Introduction
Suppose that fX ; P x ; xAEg is a symmetric strong Markov process on a state space E and that K t is a martingale additive functional of X : Let M t be the Doleans-Dade exponential of K t ; that is, M t is the unique solution of the following stochastic differential equation:
Then M t is a nonnegative local martingale and thus is a supermartingale multiplicative functional of X : Let F t be the s-field generated by fX s ; sptg: Then M t uniquely determines a family of probability measures fQ x ; xAEg on F N by dQ x ¼ M t dP x on F t ; which is called a Girsanov transform by M t : Let Y t denote the process X t under this family of new measures fQ x ; xAEg: It can be shown that Y is a strong Markov process. When X t is a Brownian motion in R n and K t ¼ R t 0 bðX s Þ dX s for some R n -valued function b; the corresponding Girsanov transform M t is given by and the process Y obtained from X via M t is a diffusion process in R n with infinitesimal generator 1 2 D þ b Á r: Thus, in the case of Brownian motion, the effect of a Girsanov transform is perturbing the generator of the process by a drift term. The effect of a Girsanov transform on the generator of X in the general case has been investigated in a recent paper [7] by Chen et al.
In [12] , Cranston and Zhao derived sufficient conditions on the drift function b so that the Green functions and harmonic measures in a bounded Lipschitz domain for In this paper, we are going to establish an analogue to the result of Cranston and Zhao for pure jump Girsanov transforms of discontinuous Markov processes.
Studying Girsanov transforms for discontinuous processes in depth is important both in theory and in application. It is well known (see, e.g., [20, 28] ) that many physical and economic systems should be and in fact have been successfully modeled by discontinuous processes, such as stable processes. A symmetric a-stable process in R n with 0oao2 is a Le´vy process whose transition density pðt; y À xÞ relative to the Lebesgue measure is uniquely determined by its Fourier transform R R n e ixÁx pðt; xÞ dx ¼ e :¼ ÀðÀDÞ a=2 : Stable processes are now widely used in physics, operations research, queuing theory, mathematical finance and risk estimation. In some physics literatures (e.g., [21] ), these processes are called Le´vy flights, and they have been applied to a wide range of very complex physics issues, such as turbulent diffusion, vortex dynamics, anomalous diffusion in rotating flows, and molecular spectral fluctuations. Another class of discontinues processes that arises from the study of relativistic Hamiltonian system in physics, and the references therein is the family of relativistic a-stable processes (cf. [4, 24, 25] In this paper, we will in fact investigate pure jump Girsanov transforms of a much larger class of discontinuous Markov processes which may not be symmetric and to show that, under some quite natural conditions, the Green functions of the Girsanov transformed process are comparable to those of the original process. Note that when X is a purely discontinuous process, for instance when X is a symmetric a-stable process or a relativistic a-stable process, it can be shown that there is no continuous martingale additive functional of X : Thus, any martingale additive functional K t of X is a pure jump martingale. So the Girsanov transform M t of X can only be of pure jump type. We call a pure jump Girsanov transform of a discontinuous process X as a drift transform of X : The effect of a drift transform on the process X is perturbing the jumping and killing measures of X : Now let us lay out the general setting of this paper.
Let E be a Lusin space (i.e., a space that is homeomorphic to a Borel subset of a compact metric space) and BðEÞ be the Borel s-algebra on E; and let m be a s-finite measure on BðEÞ with supp½m ¼ E: Let X ¼ ðO; M; M t ; X t ; P x ; xAEÞ be a Borel standard process on E which is transient in the sense of Getoor [16] . Here, a Borel standard process on the Lusin space E is a strong Markov process satisfying the following conditions: (i) it is right continuous, (ii) it has no branching points, (iii) its resolvents map Borel functions into Borel functions and (iv) it is quasi-left continuous on ð0; zÞ; where z is the lifetime of the process. The shift operators y t ; tX0; satisfy X s 3 y t ¼ X sþt identically for s; tX0: Adjoined to the state space E is an isolated point @eE; the process X retires to @ at its ''lifetime'' z :¼ infftX0 : X t ¼ @g: Denote E,f@g by E @ : The transition semigroup fP t ; tX0g of X t is defined by
(Here and in the sequel, unless mentioned otherwise, we use the convention that a function defined on E takes the value 0 at the cemetery point @:)
Suppose we now have another transient Borel standard processX ¼ ðX t ; # P x ; xAEÞ on E which is a strong dual of X with respect to the measure m: That is, the semigroup fP t g tX0 ofX is the dual in L 2 ðE; mÞ to the semigroup fP t g tX0 of X : When a ¼ 0; we will drop the subscript and write G for G 0 : In particular, for any Borel f X0: Here mlim tk0 means the quantity is increasing as tk0: The measure m is called the Revuz measure of A: Throughout this paper, all additive functionals should be understood in the strict sense, that is, in the sense of Blumenthal and Getoor [3] . Since X is assumed to have a Green function, any m-polar set is polar. When X admits a strong dual, a PCAF having bounded 1-potential in the sense of [15] with an exceptional set can be uniquely refined into a PCAF in the strict sense. This can be shown by using the same argument as that of the proof of Theorem 5.1.6 of Fukushima et al. [15] . Therefore, Fitzsimmons and Getoor [14] gives a one-to-one correspondence between smooth measures with bounded 1-potentials and PCAFs in the strict sense with bounded 1-potentials. Note that by Revuz [26] for a PCAF A of X having bounded 1-potential with Revuz measure m;
Under the above assumptions on the process X ; one can easily show that every excessive function of X is Borel measurable. By the assumed irreducibility we know that if an excessive function h of X is not identically zero then h is positive everywhere. For any excessive function h of X that is finite m-a.e. on E and not identically zero, let E h ¼ fxAE : hðxÞoNg and p h ðt; x; dyÞ ¼ 1 hðxÞ pðt; x; dyÞhðyÞ; t40; x; yAE h : ð1:2Þ
Then p h is a transition probability and determines a Borel standard process X h on E h with lifetime z h (see [13, 22 , Proposition 2.2]), which is called Doob's h-transformed process of X : The process X h is standard because it is locally absolutely continuous with respect to the standard process X : By setting points of E\E h to be absorbing states for X h ; it was shown in Proposition 5.4 of Getoor and Glover [17] that X h and X are in strong duality on E with respect to the measure hm: For any xAE; we are going to use P h x and E h x ; respectively, to denote the probability and expectation with respect to the h-conditioned process starting from x: Note that by (1.2), X h has Green function G h ðx; yÞ :¼ Gðx; yÞ hðxÞ ð1:3Þ
with respect to the measure hm:
As is noted in Chen [6] , a PCAF of X with Revuz measure m (with respect to the reference measure m) is a PCAF of X h with Revuz measure hm (with respect to the reference measure hm).
When hðÁÞ ¼ GðÁ; yÞ for some yAE; we will use P y x and E y x ; respectively, to denote the probability and expectation for the h-conditioned process starting from x: In this case, the lifetime z h will be denoted as z y and X h as X y : Let ðN; HÞ be a Le´vy system for X (cf. [2,29, Theorem 47.10]); that is, Nðx; dyÞ is a kernel on ðE; BðEÞÞ and H t is a PCAF of X with bounded 1-potential such that for any nonnegative Borel function f on E Â E that vanishes on the diagonal and is extended to be zero off E Â E;
for every xAE: The Revuz measure for H will be denoted as m H : If X is further assumed to be special, that is, if X T is sð, n M T n Þ-measurable whenever fT n g is an increasing sequence of stopping times with limit T; then the above Le´vy kernel Nðx; dyÞ can be extended to a kernel on ðE @ ; BðE @ ÞÞ such that for any nonnegative Borel function f on E Â E @ vanishing on the diagonal and any xAE;
ð1:5Þ
We note that a pure jump Girsanov transform (see (2.7)) is a Feynman-Kac transform driven by a discontinuous additive functional. So the conditional gauge theorem proved in Chen [6] and Chen and Song [10] can be applied to study the relation between the Green functions of the original process and those of the process transformed by a pure jump exponential local martingale.
The content of this paper is organized as follows. In Section 2, we show that under some natural assumptions the conditional expectation of the pure jump exponential martingale is uniformly bounded between two positive numbers. This shows that the Green function of the transformed process is comparable to the Green function of the original process. In Section 3, we apply the results of Section 2 to the relativistic symmetric a-stable process. We show that the relativistic symmetric a-stable process in a bounded C 1;1 -smooth open set D can be obtained from the symmetric a-stable process in D through a combination of a pure jump Girsanov transform and a Feynman-Kac transform. We further show that the Green functions of these two processes are comparable.
In this paper, we use '':¼'' as a way of definition, which is read as ''is defined to be''. For functions f and g; notation ''f Eg'' means that there exist constants c 2 4c 1 40 such that c 1 gpf pc 2 g:
Pure jump Girsanov transforms
We first recall the following definitions from Chen [6] , which extend those in Chen and Song [9, 10] . For a signed measure m; we use m þ and m À to denote its positive and negative parts, respectively. Let d :¼ fðx; zÞAðE Â EÞ : Gðx; zÞ ¼ Ng and E z :¼ fxAE : Gðx; zÞoNg for zAE: Definition 2.1. Suppose that n is a signed smooth measure. Let n þ and n À denotes its positive and negative part, and let jnj ¼ n þ þ n À : (1) The measure n is said to be in the class K N ðX Þ if for any e40; there is a Borel set K ¼ KðeÞ of finite jnj-measure and a constant d ¼ dðeÞ40 such that for all measurable set BCE with jnjðBÞod;
Gðx; yÞjnjðdyÞoe:
(2) The measure n is said to be in the class K 1 ðX Þ if there is a Borel set K of finite jnj-measure and a constant d40 such that The main improvement of these new classes over those in Chen and Song [9, 10] , as was explained in Chen [6] , is that they include measures that are not absolutely continuous with respect to the reference measure m and the gauge and conditional gauge theorems still hold. In particular, the Revuz measure m H of H in the Le´vy system ðN; HÞ for X needs not to be absolutely continuous with respect to m: From Chen [6] , we know that K N ðX ÞCK 1 ðX Þ; S N ðX ÞCK N ðX Þ; S 1 ðX ÞCK 1 ðX Þ and A N ðX ÞCJ N ðX Þ: It follows from [6] that for any nAK 1 ðX Þ we have Ujmj is bounded. Therefore, for any measure mAK 1 ðX Þ we can uniquely associate an additive functional in the strict sense.
It is easy to see from the definition that if F AA N ðX Þ satisfies inf x;yAE F ðx; yÞ4 À 1; then lnð1 þ F ðx; yÞÞ is also in A N ðX Þ: Although the above definitions for various Kato classes look complicated, they in fact arise quite naturally. For example, the Kato class K N ðX Þ is a genuine extension of the class of Green-tight measures introduced by Zhao [30] for Brownian motion in R n (see [6] ). We now give some concrete conditions for functions to be in classes K N ðX Þ; S N ðX Þ and A N ðX Þ; respectively, when X is a symmetric a-stable process in a bounded C 1;1 -smooth open set.
Example 1. Suppose that X is a killed symmetric a-stable process on a bounded C
1;1 open set DCR n for some aAð0; 2Þ: The process X is a Hunt process, which is in particular a special standard process. So it has a Le´vy system ðN; HÞ in the sense of (1.
ð2:3Þ
It follows from the 3G-estimate in Chen and Song [8] as well as in Chen [5] and [6] . The local martingale M t is obviously a nonnegative supermartingale multiplicative functional of X : Let Y be the strong Markov process obtained from X through the pure jump Girsanov transform M; that is, the transition semigroup of Y is given by
Theorem 2.4 of Chen and Song [10] suggests that the infinitesimal generator of the semigroup of Y takes the form of
where L is the infinitesimal generator for the semigroup of X : We like to point out that if X is a symmetric Borel standard process and F AA 2 ðX Þ is symmetric, then the Girsanov transformed process Y is symmetric with respect to the measure m as well.
We are going to use the recent results in Chen [6] If the process X is special standard and has killing inside E; that is, P x ðX zÀ AE; zoNÞ40 for any xAE; the above two theorems can be proved by using Theorem 2.1(2) only (i.e., without using the equivalence in Theorem 2.1(3)). The above killing condition is equivalent to that the killing measure kðdxÞ :¼ Nðx; @Þm H ðdxÞ is nontrivial. We will just present an alternative proof for Theorem 2.3. The alternative proof for Theorem 2.2 goes along the same lines. First, we give an interpretation of the y-conditioned process X y ; which may be of independent interest. Theorem 2.4. Assume further that X is a special standard process. Then for any M Nmeasurable function FX0 and xAD; we have
Proof. Using the monotone class theorem, we may assume that F is of the form F ¼ F t 1 ftozg ; where F t is M t -measurable and bounded. Clearly,
yÞ E x ½F t GðX t ; yÞ; toz:
So E y x ½F is Borel measurable in y; for every fixed x and F: We need to show that for any Borel subset A of E;
ð2:9Þ
The right-hand side of (2.9), by (1. 
Applications to relativistic stable processes
In this section, we will first apply the main results of the previous section to the case where the underlying process X is a symmetric a-stable process X D in a bounded C
1;1 open set D; aAð0; 2Þ: The process X D is special standard, in fact a Hunt process, so all the results, including Theorem 2.4, of the previous section apply. We show that relativistic a-stable processes in D can be obtained from X D through a Feynman-Kac transform of the form (2.8). We then use it to get sharp estimates for Green functions of relativistic a-stable processes in a bounded C Let X be a symmetric a-stable process on R n with nX2 and 0oao2: The process X is transient and it has Green function Gðx; yÞ ¼ Aðn; aÞjx À yj aÀn ;
where Aðn; aÞ is given by (2.3) with Àa in place of a there, that is,
It is well known that the Dirichlet form ðE; FÞ associated with X is given by Here and in the rest of this section dx stands for the Lebesgue measure on R n : Let Cap denote the 1-capacity associated with the process X (or equivalently, with the Riesz potential kernel Aðn; aÞjx À yj aÀn ). A function u is said to be starting from x: By Lemma 3.9 of Chen [6] , for Borel function f X0; and Ryznar [27] , like symmetric stable processes, relativistic a-stable processes can be obtained from Brownian motions through subordinations. Using subordinations, it is easy to deduce the Le´vy measure nðxÞ dx for Y whose density is given by (see [27] ). Using change of variables twice, first with u ¼ jxj 2 v then with v ¼ 1=s; we have [27] , which was proved in a different way there.
By using an argument similar to that in Chung and Zhao [11] , it can be shown that G Y ðx; yÞ is continuous on ðD Â DÞ\d:
